Abstract. A 3-dimensional vector field B is said to be Beltrami vector field (force freemagnetic vector field in physics), if B × (∇ × B) = 0. Motivated by our investigations on projective an polynomial superflows, and as an important side result, in the first paper on this topic we constructed two unique Beltrami vector fields I and Y, such that ∇ × I = I, ∇ × Y = Y, and that both have orientation-preserving icosahedral symmetry (group of order 60).
I is the icosehedral group.
Beltrami vector fields.
We quickly remind the method we used to construct Baltrami vector fields.
One of the main identities of the vector calculus claims that, for smooth vector field B, one has
Suppose now, a vector field B satisfies the vector Helmholtz equation
and also ∇ · B = 0. Then the identity (2) gives
Therefore, if ∇ × B = C, then ∇ × (B + C) = B + C, and therefore B + C is a Beltrami field.
1.3.
Order n approach via a Helmholtz equation. Let, as usual, P n (x, y) = ℜ (x + iy) n , Q n (x, y) = ℑ (x + iy) n be the standard harmonic polynomials of order n. These satisfy ∂P n ∂x = nP n−1 , ∂P n ∂y = −nQ n−1 ,
We will construct Beltrami vector fields from the order n solutions to the Helmholtz equation which are given by the following lemma.
Lemma 1. Let a, b and c be three 3-dimensional vectors-rows, and x = (x, y, z) 
Then such a vector field is called lambent vector field with a symmetry Γ.
In dimension other that 3 we do not have same dimensional analogue of the curl operator, but, as we have seen, it is natural to define lambent flow in any dimension as follows.
Definition 2. Let Γ ֒→ GL(n, R), n = 3, be an exact irreducible representation of a finite group. Suppose, a vector field F satisfies these properties: 
The tetrahedral and octahedral cases
In the next two section we will concentrate on a 3-dimensional case.
2.1. n is odd. Let n ∈ N be an odd positive integer. We will construct a vector field V whose first coordinate G is made out of linear combinations of the expressions of the form
where T is a harmonic polynomial, such that i) G is of even compound degree; ii) V has a tetrahedral symmetry T; iii) G satisfies the Helmholtz equation. For this we must put
We furter require iv) ∇ · V = 0. next, since K < T, G should be of even degree in x and of odd in each of y, z, where, as usual, cos and sin are counted as even and odd, respectively. Thus, let
The vector field V now has a tetrahedral symmetry, all its components have an even compound degree, and it satisfies the vector Helmholtz equation. We are left to calculate its divergence. Indeed,
So, by a direct calculation, div V n;a,b = n a + (−1)
Here we used an identity that, for m even,
2.2. n is even. Now, if n is even (to avoid confusion, we thus take the first coordinate of the vector field to be H, and vector field itself as W), all vector fields of the form (3), which have a tetrahedral symmetry, and satisfy the Helmholtz equation, are of even degree in x, of odd in each of y, z, are given by
By a direct calculation,
2.3. Solenoidality. Inspecting (4) and (5), we see that if
is a solenoidal vector field, then it as a linear combinations of vector fields, whose first coordinate is
Thus, we have two independent solutions. We get a particularly elegant pair of solutions by requiring that G 2m+1;a,b + H 2m;c is symmetric with respect to y, z, and so the vector field has a full tetrahedral symmetry; or it is anti-symmetric, and so the vector field has an octahedral symmetry.
2.4.
The tetrahedral symmetry. Thus, in (6) we have two cases. First, consider m = 2ℓ, ℓ ∈ N 0 . If G 4ℓ+1;a,b is symmetric in y, z, then a = b, and the condition (6) tells that c = 0. Therefore, we have a vector field, whose first coordinate is
Consider m = 2ℓ + 1, ℓ ∈ N 0 . Still we have a = b, but then (6) gives c = (8ℓ + 6)a. This gives a vector field
Finally, if V is given by (3), then, as usually, V + ∇ × V is a Beltrami vector field with a tetrahedral symmetry. By calculating, we have the following result.
and also
Then the vector field, defined by (3) , has a tetrahedral symmetry T, and satisfies ∇ × V = V.
The first formula, when ℓ = 0 and ℓ = 1 gives, in particular,
The second formula for ℓ = 0 gives
In the last example we easily calculate that, indeed, ∇ × V = V.
2.5.
The octahedral symmetry. Consider again m = 2ℓ + 1. If G 4ℓ+3;a,b is antisymmetric in a, b, then a = −b, and then c = 0. We thus again have the first coordinate
Consider now m = 2ℓ. Still we have b = −a, but then c = (8ℓ + 2)a. This gives
Again, calculating V + ∇ × V, we have
and also G = Q 4ℓ+1 (x, y) sin z − Q 4ℓ+1 (x, z) sin y + (8ℓ + 2)Q 4ℓ (y, z) cos x + Q 4ℓ+1 (z, x) cos y + Q 4ℓ+1 (y, x) cos z − (8ℓ + 2)P 4ℓ (y, z) sin x + 4ℓ(8ℓ + 2)P 4ℓ−1 (x, y) cos z + 4ℓ(8ℓ + 2)P 4ℓ−1 (x, z) cos y.
Then the vector field, defined by (3), has an octahedral symmetry O (also, a tetrahedral one), and satisfies ∇ × V = V.
For ℓ = 0, the first formula gives
and the second formula gives (Q 0 = P −1 = Q −1 = 0) G = y sin z − z sin y + x cos y − 2 sin x + x cos z.
Icosahedral symmetry
3.1. Induced vector fields. Now, T is not a normal subgroup of I, but rather we have the identities
Let V be any lambent vector field for the group T. Let us consider the induced vector field, given by
First, each summand satisfies the vector Helmholtz equation, minding the invariance of the Helmholtz equation under the orthogonal transformation; therefore, so does the whole sum. Second,
Third, obviously, V I η is invariant under conjugation with η. Finally, it is invariant under conjugation with α and γ, since
More generally, we find that
Of course, we can start just from the even part of the vector field. For example, let us take the even part of G 1 (using the notation of Theorem 1), which is just G = y sin z + z sin y. By a direct calculation, computing the induced vector field, we obtain exactly the vector field given in [3] . We can reproduce it here:
If we alternatively put
we obtain a vector field in Theorem 2 in [3] . Of course, any vector field ay sin z + bz sin y will do, but G and G 0 have an additional symmetry with respect to a non-trivial automorphism τ of Q[
We remind that τ acts on entire functions with rational Taylor coefficients the same way it acts on Q; that is, leaves the coefficients (and the function) intact.
The case R 2
Now let us turn our attention to a 2-dimensional case, based on Definition 2. Let, as before, P n and Q n stand for the harmonic polynomials of order n. As we know from [4] , for d ∈ N, a vector field
has a dihedral symmetry D 2d+1 of order 4d + 2, and is solenoidal. Thus, potentially it gives rise to a lambent flow. We will explore the case d = 1, and only make the first few steps in a research, since the vector fields we obtain already contain very rich dynamic and analytic structure.
Thus, let (we multiply the above vector field by a factor −1 just for convenience)
which is solenoidal, and has a dihedral group D 3 , generated by matrices
as its symmetry group. This gives rise to the dihedral superflow. The vector field, linearly conjugate (over GL 2 (R), not over O(2)) to (̟, ̺) is given by (x 2 − 2xy, y 2 − 2xy). This vector field is indeed a very fascinating one, and it was explored in detail in [1] . For example, this vector field can be explicitly integrated in terms Dixonian elliptic functions [14] . In particular, this flow turns out to be unramified. The property of the flow to be unramified is indeed a profound one. For example, to prove that a flow with a vector field (x 2 − xy, y 2 − 2xy) is unramified, requires to employ arithmetic of the number field Q( √ 3 ) [2] . The very theory of unramified flows is still in its initial stages of development.
Returning to Beltrami flows in dimension 2 and to the group D 3 (analogously as in the icosahedral case in [3] ), let us define 4 linear forms and 4 vectors
.
Theorem 3. Let us define the vector field
where , resepctively, where M = (̺, ̟) is given (̟, ̺) = (2xy − x 2 + y 2 , 2xy + x 2 − y 2 ). Figure 1 . Orbits for the selected 5 points (6, 0), (6.5, 0), (7.0, 0), (7.5, 0) and (11.0, 0).
